) BEESG

IR X

E OFFICE OF NAVAL RESEARCH
=
(s ) Contract N7onr-35801
L—‘;‘J T. O. 1.
Sevkrany
NR-041-032
<10
‘——
2

Technical Report No, 105
A THEOREM IN THE THEORY OF FINITE ELASTIC DEFORMATIONS
by
R. 8. Rivlin and C. Topakoglu

VAPALY AWM 4 emene
eRnEL'ATE E}"-’;nu M E AR M ALLSE

BROWN UNIVERSITY
PROVIDENCE, R. I

January, 1954
All1-1058/15



R T,

S

A11~=109%

A THEOREM IN THE THSCRY OF

FINITE ELASTIC LuFORMATTONST

g
- e m———

R. S. Rivlin2 and C. Topakoglu3
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In a previous paper, 1t has been shown that the dis-
placements produced in a body of elastic material by a specified
system of applied forces can be calculated according to second
order elasticity theory by (1) calculating the displacements
produced by the specified system of forces according to the first
order (i.e., classical) elasticity theory, (ii) calculating the
additional forces which must be anplied to the body according to
the second order treory in order to produce these disnlacements
and (ii1i) calculating th= displacements which are produced in
the kody according to classical elasticity theory by this addi-
tional set of forces, Then, the dispiacements produced in the
body by tu» specified set of forces, according to second order
clasticity theory, is given by subtracting the displacements

calculated according to (iii) from those calculated according to
(i,

In the previous paper, this theorem was provern for
an isctropic elastic material. 1In the present paper, a proof
of the theorem is given which is valid also for anisotropic
materials., Furthermore, the theorem is extendied to proviile a
method for calculatinz the displacements produced in a body of
elas’ic material by a specified force system, according to nth
order elasticity theory,

- e e ———. o - -

The results presented in this paper were obtained in the course
of research sponsored by the 0ffice of Naval Research under
Contract N7onr-35801 with Brown Universityv.

i

2 Professor of Applicd Mathematics, Brown University.

3 Research Assistant in Applicd Mathematics, Brown University.
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1. Introduction. In the theory of the finite deforma-
tion of hodies cof elsstic material, the elastic properties of the
material may be defined by means of a strain-energy functilon,
This is the energy stored elastically per unit volume of the
materlal measured in its undeformed state and may be denoted by
W. If, in the deformation, a point of the body which is ini-
tially at X4y, in a rectangular Cartesian co-ordinete system Xy
moves to x; in the same co-ordinate system, then W may be ex-
pressed as a function of the comnonents of the tensor g.. de-

1d
fined by

0x, X,
€13 “'éy}f'é-i? s (1)
rrovided that the body is homozeneous in its undeformed state,
If the material of the body is isotronic in its undeformed state,
then W may be expressed in terms of the quantities gij through

the three scalar invariants Il, I2 and 13 of the tensor g1
J

defined by

where Gij is the co~factor of j in det 235
If the material, whether isctropic or not, obeys the

equations cf

O

clissical wlasticily theory ror sufticiently small
deformations, then W must be expressible as a nolynomial in gij

and hence as a polynomial in &H/ij, wnere

Uy = Xy =Xy . (3)
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We may therefore write
W=3 W, (%)
n=o
where wn is a homoreneous polyncmial of degree n in the nine
displzcement gradients Gui/an. If we tazke W = O when the body

is undeformed, i.e, when 3uy/8X, = O, we have W, = O, Since the

J

stress components tij in the co-ordinate system xj are given by

a“i) oW (5)

1 ¢ _
Cix * w3,/

t = .
I

if we assume that the stress in the body is zero in the undeformed

state, we obtain Wy = 0. Ve nay thus write

oo )
W=13S W . (G
n
n=2

If the deformation is such thst aui/axj is sufficiently
small compared with unity, we cazn approximate to W by ths ex-
yression W2. To a higher degree of approximetion we can take
W="W, + Wye Tooa still higher degree of approxiristion we can
take W =Wy + W3 + W, aad so on. Introducing these expressions
for W into the expressions (5) for ty; , we obtain corresponding
expressions for the stress components,

The equaticns of motion and boundary conditions for

the deformation of the body are given by

2.
3 aul 87 uy

a%; L B0ouy/any) )t Po f1 T Po g

o] o aw
and Fi = a—(a—ﬁ-yax—:l-)' '?j 9 (7)
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where fi is the arplied boly force prer anit mass, ¥y 1is the

applied surface trection per unit area of surfoce measured in

the unleformed state of the bedy, p, is the density of the
2 material in its unc.cformed state and &i are the direction-cosines
of the normal to the surfcce in its undeformed state.

If we introduce W = W, into the equations (7), we

% obtain
: 8 . 22 4. o . 3%uy
P %3 a(aui/ax;jJ’ o *y T Po -
@Wg
- . o= . (8)
dnd fi aTaui]@yj) l/j \ /7

Theses are, of course, thne equations of motion and roundary con-

ditions of classicsl elasticity tiecry, TIf fl and F, are

specified and aui/axi are suffiziently small compared " with

unity, the solutions for uy of these equations provide a first

approximation to the disvlacem=nts produced in the body by the
' arpiied forces,
If we introduce ¥ = W, + W3 into the equations (7),

we obtain

TR ETINOATIARA R

av 3w 8°uy

a 12 a - d ‘ll
2 - , +one - - + Ty = =
( de [dﬁui/axj)] U}*j [l)zaui a)&j . pO i PO at\f
:/ a‘l“] a‘/v’
: and F; = r-:-r.\-——gn-""" + :.—r,-r-—-j)-::.—-v] ’&:, - (Q)
& A ~ Y |"'\_1.‘/’1_ ) n",",l',”a‘.,';’ ,‘ v
i i j
!
g These equations may be called the equaticns of motion and bound-

ary conditions of second order eclasticity thecry. It will be

shown that a solution for u; of these equations may be obtainad
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by the following procedure:

(1) we first obtain a solution uy = euj = eui(XJ) of the clas-
sical equations of motion and boundary conditions (&),
valid to an order of apnroximation involving neglect only
of terms of higher degrece than the first in the space
derivatives of the displacement components;

(11) we introduce uy = eué into the equetions (9) and thus
calculate the aprlied body forces fy = fi (say) and surface
tractions Fy = F; (say) correspondine to the disrlacements
eui according to the equations of motion and boundary
conditions of seccnd order elasticity theory;

(1ii)we now calculste, accoriing to first order elasticity
th~rory, the displacements e2ug which are produced in the
body by the system of body forces f; - fi and surface
tractions F« - Fi 3

(iv) then uy = sui - 52u; sztisfies the equations (9) of second
order elasticity theory with the neglect only of terms of
higher degree than the seconl in the space derivatives of
the disnlacement comnonents,

This theorem has already been nrcven* for an isotropic

material, Tha m2thod of precof emnlcyed in the present panar
(S')\ T wraldiAd f£fAarn hAatbh TaAntnAant A A Andantnandia matrAmioY o
Ny + o L AR S + v - Vel t S BRI LN. ' Clita O L2 NPird o vt L2 Do
r+2
If we introduce W = ¥ VW, into tioe eguations (7),
r=2

—— —

R.S. Rivlin "The Solution of Probizams in Second Order
Mlasticity Theory"., J. Rat'L Mech, & Anal. 2, 53-"1 (1953).
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we obteain

n+2 oW 32u
rp 0Ky “B(8ui78]) o f1 =Po T3
n+2 W
T - 0w I (1N

These eguations may he called the eguations of motion and
boundary conditions of (n+l)th, order elasticity theory.

It will be shown in 8 3 that 1f, corresponding to
an applied system of bedy ferees fy and surface tractions Fi,
we heve a displscement ficld uy o= eUi(n) satisfying the equations
of nth. order elasticity theory, with the neglect only of terms
of higher degree tian the nth in the space derivatives of the

disnlzcement components, then we can find a displacement field

(z.41)

uy = €Uy satisfying the equations of (n+l)th order

elasticity thecry, for the same system of applied forces, with
the nezlect only of terms of “igher degree thnzn the (n+l)th in
the space derivatives of thc disnlacemont components, by the

fcllowing rrocedurc:

(n)

(i) we introduce uj = i into the cquations (10) of (n+l)th

crdier elasticity theory end calenlzte the body forces fi
(say) and surfzcc tractions F; (say) corresvondins tc the
Aianlaroments sﬂ.(n) according 5 +hoe cousti

- ~ AL a2
D pt ATy B g8 wq Gvveuiaann o Ll COr U LLUNED ] 1 [

noOT T On
and boundary conlitions of (.+l)th order elasticity thcory;

(i1) we now calenlat2, according to first order cleasticity

.(n+1)

theory, t“e displacensnts &1 Uy

which are produced

and

in the body by thie system of body forces fi - fi
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surface tractions ¥ - F, j
(111) then uy = sUi(n) - en+l ui(n+1) setisfies the equations
of mction and boundary conditicens of {(n+l)th order
elasticity theory, with the neglect only of terms of
higiier depree than the (n+l)th in the space derivatives
of the disnlacement components.
It is apnarent that by repetition of this nrocess
with n successively equal to 1,2,3,...n-1, we can calculate by
this method the disnlacement fileld eUi(n) corresnronding to the

equations of nth order elasticity theorv.

2. Second Crder Anproximations in Finite Flasticity

Theorv,
e cr——

Let uy = eu; be 2 solution of the equations (&), valid

with the neglect only of terrs of higher degree than the first

in ¢, Then,

an k‘eut
[@{ 2 }-.1 #po (Fy + 9y) = eng ——k
3X 5 ﬂaui/anY uy = e o ‘i i 0 T3¢l
R 3
aw
. — 2
J Ui = EUi

where ¢; and &y are 0(e?).

If we introduce uy = eu; into equations (Q), we find
the exypressions fi and Fi for the forces which must b2 applied,
according to second order elasticity theorv, in order to main-

tain in the body concerned the deformation Uy = eu; .
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We have
]
p L = ep Cuy [ 4('5' "“‘7“‘Vaw2 L+ e }]
o) ~ v
c'1i C at2 6Kj L (aui, an/ an a—(aui/a“j) uy =€ u;
. ovl, ouly
- - - +
and  Fy =4, [ 3(8u;76%,7 * 3(3u, /0¥ ) ]“i=5 ay . (12)
From equations (11) and (12), we have
' OW,
£y - £y —gq) = = [2 =
po< i R bt [an {;6(6ui/3xj)}']ui=eu;
d F' F ® * [ a‘.‘73 ]
and - - = 4
) 1 a J Tl /0Xy) uizsu; . (13)

- L | N
We see thn=st pﬁ(Ii - 1,

i
2
degree in e¢~.,

. ' -
- . Y - - .
@5/ and F, = Fy $; are of second
2 W . ‘
Now, let us supnnse that ¢ ny ore the solutions of the
first order (i.e. classical) equations of moticn 2nd boundery
conditions (8), when the body forces and svrface tractions are

f; - fi and F; - Fi resnectively., Ve then have

2
3 GWP ot . 2 dacu
[ = ] - + p (f - ty) = ¢ p 1
BXJ a(aui/axj) ui=ezu; av=1 i o 5t2
3 a‘t'z
and F1 - =ty LAy 1, e ()

.

. i oon . ¢ ’

We can show that uy = euy - e“uy satisfies the eguations of
motion and boundary conditlons of sccond order clasticity theory,
with the neglect only of terms of hischer desgrec than the second

ineg .
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t
Intoducing uy = eu; - s2u1 into the equations (9), we
have
[ oW b
st LN
3 e s Uy = euy - e7uyg
s Al : ] 3%u}
Ty g P .
Y&y {'aTaui axj‘i} 4y = eu) - szu'i o1 0 Tar?
2 1t
52 3°uq
& at?
. a\'.’:)
ard Fy = &y [ergr/my] v oo

t

177737 vy o= su& - euy .
(19)
Noting that aw3/e(aui/axi) is homogeneous and of second degree
in the quantities duD/an , W2 may replace

av/-

: W~
[ 9 . ] . and [ —,"7'2—“)
{ ow 1 AW
by [ | = ] and frrd ]
J an La((ui O}‘.S)Z’ ,,’:FUL '5_(811-3'7%}(1, uiwsu:

respectively, with the nezloct only of terms of higher degree

16}

than the second in &, Also, since awg/a(aui/axj) is linear in

aup/axq , Wo mav write
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[ 0 o= 6W2 - W 2 .I
ﬁi~‘{_zaui’axj) : feu;~52ug axj‘i‘TaL ]axii} 1 —sui

o 9
- 2. {
8X; | 3(3u;/37 5} N,
4 [ M2 ] 2
an = L /37 !
a(ou, /ayT uy=eu -e2u} 88u3 /8K ) "1y meuy
- [ aWa ] |
a(auifan) ui=€2ui . (16)

We may therofore re-write the equations (15) as

o { %> 1, e oMy 3,
‘= m“fax) T a,(—-vav—y}
Y47

o
ui—s Lli

+ [ ? ] + p. T
g {aTaui/aXJT, u;=¢ ; o1
_ . Fu o Py
o T2 T F P T
6‘»*"2

+ 2” [ —Tbu~7?y 7

u. —Fui y (17)

with the nezlect only of terms of higher degree than the second

in e,
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1 !
Since uy satisfies the equations (14) and uy satisfies

t
the equations (11) and fj and F; are given by (12), we readily

1 "
see thet equations (17) are satisfied. Thus uy = euy = ¢ uy

satisfies the equaticns of motion and boundary conditions of

f second order elasticity theory, in which the body forces esre £

and the surfacc trections F, , with the neslect only of terms

in the equations of hizher degree than the second in e,
consequently, the displacement field which satisfies

the equations of sccond-order clasticity theory, with the reglect

only of terms of higher degree than the second in the snace

derivatives of the disnlacement components, may bhe calcuvlated
by the procedure dcscribed in §1.
3. Third and Higher Order Ap
Elasticity Theory.

5 n
PO Let us suppose that uy = eUi(n) = gu.""’ = ¥ g uy

satisfies the equations of metion and boundary condiiicns of nth
order elasticity theory, with the neglect only of tz2rms of hicher
degree than the ath in ¢ , when the body forces and surface
tractions applicd to the bhody under considcration aro fi and Fi

. respectively., Ve tuoen have

+ . \B
nz; 3 £ a¥, 7
— TTETTIRETS
J

:_‘L =2 cy\',j l\l)l ””i,"”j" jui:e Uirw/\ a 1 l
2 (1) 5. (r)
s Cal: R o g er 270
°© a2 O p=2 at<
i n+
and n+l oV,

(18)

' rig id a(ﬁui/anY]uizeui(n) ?
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where P4 and ¢i are of degree higher than n in ¢, The bcdy forces
fi and surface tractions F “i which must be applied to the body in

order to support the deformation uy = eui(l)- Z el ui(r)
r=2

according to (n+l)th order elasticity theory are given by

n+2 3
LZ = Wauv%’ax )}—]v (n) ~ Po £y

» (1) (r)
=p SEZE% = g ; e” EEE%
° &t O r=2 8t
and )
! [n+2 2 Wy T
Fy = i_réf LG 7§vd ,;ui:EUi(n) . (19)
From equations (18) and (19), we obtain
Q n+2 ¢ ! - - -
s k‘Taui/axi)%]u-zeUi(n) tho (f3 - fy -9y) =0
and
1 oW
-7 - - ’P r n"2 X
Fy - Fy 3 150G 7670 ey, (1) L20)

From these equations, we readily see that the expressions for

! ! .
fi -fy -9 and Fy - Fy - @i involve terms of degree ntl or

Liigher In e, oince @y and ®; also invoive terms of degree n+l
or higher in e, we sce that fi -~ f4 and F; - F; invoive terms of
degree n+l or higher in e.

With the neglect only of terms of higher degree than

n+l in e, equations (20) can be re-written as
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'
f: - f; = = 0
Lg?‘{:a‘an/aXJ?}]u -eu4(l) * Po (3 1 - o)

and
4
Fy = F;y =@, =4, [ ] . (21)
i i i J Z ui/ax ) ug=euy (1)
Now let en+1 ui(n*l) be the displacement produced in

the body by the system of body forces f; - f4y and surface trac-

1
tions Fi ~« Fy according to the classical elasticity thcory. We

then have, from equetions (),

ra [ a” A )
L= B + po (ii - fi)
3% | BT ,J‘ en+ly, (D)
n+2 5’)11-'(114'1)
=p € " =
o at2
and
1 BVa
Fy - Fy =4, 1 ]
i i J 6(6 i?aXJ “1 € ui(n-&l) . (22)
n+l
We can readily show that uizsui(l)- T el ui(r)
o r=2

satisfies the equstions of motion and bhoundary conditions for
(n+l)th order ecl=sticity theory, for the problem in which the
system of body forces fy; and surface trcctions Fi ar2 applied to
the body under consideration, with the nezlect only of terms of
higher degree than n+l in e, If this is to be the case, we muvc

have




B

(ﬁgﬁrv Frowor:

R AR

TS0 1

Al11-105 14
'n+? 1

_2 ax 8, /@ aﬂ}h zetr, (n*1) LIRS

Fug) L g2ay ()
atz © r=2 ate

and
2 a'\r 1

=1
Fi j r=2 6(6!.1;/6}(;!11 __EU (1’1"'1) (23)

with the neglect of terms of higher degree thnan n+l in e,
To this dezree of anproximation, these equavions may
be re-written as

‘—n+l 3 oW, l Vo ~

Lr:? &y La(aui a' Jui__evi(n) rTiafeuiZaxj }Juizsui(l)

i ow
= l 9 2 ! +p. T
L3y - ETbui/axj) ui=[_:n+1ui(n+l) o1

02y (1) ML 52y, (r)

=p € -- - NS
d 5;§ ¢ r=2 at?
and
-n+1 AW, =
Fy = ’?j [ % 378u./5% (r)
=2 i Ui
av
+ '?-',1 [T r';;gt—*] €13
o U IJ- ui:sul. -7
. aws
-1 5 : 2l
J -a?aui7axjSlui=€n+1ui(n+1) (2%4)

From equetions (18), (21) and (22), it follows that
equations (24) are sztisfied,

s et Bt e FOTATS
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It is thus seen that 1f, corresponding t» an applied
system of boly forces fy end surface tractions Fy, we have a
displacement field uy = sUi(n)satiquing the equations of nth,
order elasticity theory, with the neglect only of terms of
higher degree than the nth, in the space derivatives of the §
displacement components, then we can find a disnlacement field
vy = sUi(n+1) satisfying the equations of (n+l)th. crder elas-
ticity thesory, for the ssme system of applied forces, with the
neglact only of terms of higher degree than the (n+l)th. in the
displacement gradients, by the procedure described in §1. Con-
sequently, by recpeating the rrocedure described in g1 with n
successively equal to 1,2,3,...n-1, we can calculate the dis-
placement field an(n)corrosnonding to the equations of nth. !
order elasticity thcory,

It will be noted that t'is procedure for obtaining 3
a solution of the equations of nth., order elasticity theory is

one which yields 2 unique solution, Other solutions of the

b i AN

equations may cxist,
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